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Abstract. In this note, we first introduce a new problem edlithe longest common
subsequence and substring problem. Let X and Yvbestrings over an alphabgt The
longest common subsequence and substring probled &nd Y is to find the longest
string, which is a subsequence of X and a substifng. We propose an algorithm to
solve the problem.
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1. Introduction

Let > be an alphabet and S a string oyerA subsequence of a string S is obtained by
deleting zero or more letters of S. A substringaoktring S is a subsequence of S
consisting of consecutive letters in S. Let X andeYtwo strings over an alphabet. The
longest common subsequence problem for X and ¥ fstl the longest string, which is
a subsequence of both X and Y. The longest commlostisng problem for X and Y is to
find the longest string, which is a substring oftbh® and Y. Both the longest common
subsequence problem and the longest common suppndblem have been well-studied
in the last several decades. They have applicafiortiifferent fields, for example, in
molecular biology, the lengths of the longest comnsubsequence and the longest
common substring are the suitable measurementsthier similarity between two
biological sequences. More details on the algomstiion the first problem can be found in
[1], 121, [4], [5], [7], and [8] and the second fmem can be found in [3] and [9].
Motivated by the two problems above, we introduceew problem called the longest
common subsequence and substring problem. The doragenmon subsequence and
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substring problem for X and Y is to find the longssing, which is a subsequence of X
and a substring of Y. In this note, we proposelgardhm to solve this problem.

2. The foundations of the algorithm
In order to present our algorithm, we need to pramme facts which are the foundations
for our algorithm. Before proving the facts, we diemme notations as follows. For a
given string S =% ... $ over an alphabéf, the size of S, denoted |S|, is defined as the
number of letters in S. The ith prefix of S is defil as S= s s ... §, where 1<i <|.
Conventionally, &is defined as an empty string. The | suffixes @r8 the strings ofis
.. %989 ., 9-npS,ands Let X=x X ... nand Y = ¥ y, ... }» be two strings.
We define Z]i, j] as a string satisfying the follmg conditions, where £ i <m and 1<
j<n.

(1) It is a subsequentiio

(2) It is a suffix of.Y

(3) Under (1) and (23, length is as large as possible.

Fact 1.Let U = u W ... 4 be a longest string which is a subsequence ofdsaibstring
of Y. Thenr=max{|Z[i, j]| : Ki<m, 1<j<n}.

Proof of Fact 1. For each i with I< i < m and each j with ¥ j < n, we, from the
definition of Z][i, j], have that Z][i, j] is a subgaence of X and substring of Y. By the
definition of U, we have that |Z][i, j{ |U] = r. Thus max{|Z[i, j]| : Ei<m, 1<j<n} <

r.

Since U = w U ... U is a longest string which is a subsequence of & an
substring of Y, there is an index s and an indsxch that u= xs and U=y such that U =
Ui W ... U is a subsequence of; dnd a suffix of Y. From the definition of Z]i, j], we
have that K |Z[s, t]|< max{|Z[i, j]| : 1<i<m, 1<j<n}.

Hence r = max{|Z[i, j]| : Ei<m, 1<j<n}and the proof of Fact 1 is complete.

Fact 2. Suppose that X x1 X2 ... X and ¥ = y1 y» ... }f, where I<i<mand I<j < n. If
Z[i, j] = z1 22 ... zis a string satisfying conditions (1), (2), anyl #Bove. Then we have
[1]. If xi=;, then a = 1 + the length of a longest string wliéca subsequence
of X.1 and a suffix of Y.1.
[2]. If xi #y;, then a = the length of the longest string whih subsequence of
X% -1 and a suffix of Y.
Proof of [1] in Fact 2. Suppose W = wv; ... W, is a string satisfying the following
conditions.
(i) It is a subsequence of X
(ii) It is a suffix of ¥ 1.
(iii) Under (i) and (iiixs length is as large as possible.
Since W = wws ... W, is a subsequence of X a suffix of ¥.1, and x=y, W =w w
... W Xi is a subsequence of And a suffix of Y. From the definition of Z]i, j], we have
W[+ 1=Db+X|Z]j] = a.
Since Z[i, j] = Z z ... z is a string satisfying conditions (i), (ii), anid)(above,
we have that z= y = x. We further have thatizz ... z -1 is a string which is a
subsequence ofiX; and a suffix of Y.1. From the definition of W = wws ... w,, we
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have thata - ¥b. Thusa =1+ b and a = 1 + the length of timgést string, which is a
subsequence ofiX and a suffix of Y.1.
Proof of [2] in Fact 2. Suppose U =uuw, ... U is a string satisfying the following
conditions.

(o) Itis a subsequence of X.

(B) Itis a suffix of ¥.

(y) Under ¢) and @), its length is as large as possible.
Since U =W W ... k& is a subsequence of Xand a suffixof  U=w U ... L is a
subsequence ofiAnd a suffix of Y. By the definition of Z]i, j], we have |U| =<|Z]i, j]|
= a.

Since Z[i, j] = 2 z» ... zis a string satisfying conditions (1), (2), andl &ove,

we have thatz= Y # Xi. Thus 2 z; ... z is a string that is a subsequence ofi>and a
suffix of Y;. From the definition of U =1 ... u, we have that g c. Thusa=canda =
the length of the longest string, which is a subsege of X 1 and a suffix of Y. Hence,
the proof of Fact 2 is complete.

3. An algorithm for the longest common subsequenand substring problem
Based on Fact 1 and Fact 2 in Section 2, we caigrdes algorithm for the longest
common subsequence and substring problem. Once, agaiassume that X 5 Xz ... Xn
and Y =y Y- ... }h are two strings over an alphabetin the following Algorithm A, W
is a two-dimensional array of size (m + 1) x (n)4atd the cells W(i, j), wheredi <m
and 1< j < n, store the lengths of strings such that eadherh satisfies the following
conditions.
(1) It is a subsequence of. X
(2) It is a suffix of.Y
(3) Under (1) and (23, length is as large as possible.

ALG A (X, Y, m, n, W)
1. Initialization: W(i, 0)<— 0, where i=0, 1, ..., m
W(0, f— 0, where j=0, 1, ..., n
maxLength = 0
lastindexOnY = n
2.fori<—1tom
3. forj<—1ton
ifxi=y Wi, )<—W(@i-1,j-1)+1
elseW(i, j) <= W(i-1,))
if W(i, j) > maxLength
maxLength = W(i, j)
lastindexOnY = j
4.return A substring of Y froml@stindexOnY — maxLength + 1) tolastlndexOnY

Because of Fact 1 and Fact 2 in Section 2, Algarighis correct. Obviously, the
time complexity of Algorithm A is O(mn) and the sgacomplexity of Algorithm A is
also O(mn). We implemented Algorithm A in Java dahd program can be found at
“https://sciences.usca.edu/mathathdept/rli/LCSSeqSStr/LCSS.pdf".
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Below is an example that illustrates Algorithm Aoab. Suppose X = abuvbc
and Y = dabca. Then the two-dimensional array WAIgorithm A is computed as
follows.

ollelleolleolleo]lielleling
ellelleolleolleo]lleolle]iel
NININININO O|IT

o|lo|<|c|o|o|x
A N R =1
w|o|o|o|lojo|o|o
A NN R =1

Fig. 1.The two-dimensional array W computed in Algorithm A

Also, Algorithm A yieldsmaxLength = 3,lastindexOnY = 4, and outputs a string of abc,
the longest string that is a subsequence of X wlaband a substring of Y = dabca.

4. Conclusion

In this note, we introduce a new problem called ldrgest common subsequence and
substring problem for two strings X and Y. Evenu@lo we can design an algorithm with

time and space complexities of O(|X]||Y[) to solwe problem, we plan to design new

algorithms to improve the time and space complkesxitind find the applications of our

algorithm in the real world.
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